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I. In t roduct ion  

Mixed f i n i t e  element methods a r e  f i n i t e  element approximations based 

on s t a t i o n a r y  v a r i a t i o n a l  p r inc ip l e s  as cont ras ted  with those  based on 

extremal p r i n c i p l e s  which y i e l d  s t r ic t  maxima o r  minima. Remarkable 

progress  has  been made i n  t h e  f i n i t e  element theory f o r  e l l i p t i c  boundary 

va lue  problems, e spec ia l ly  f o r  those methods which are based on extremal 

p r i n c i p l e s .  However, t he re  s t i l l  e x i s t s  a gap i n  t h e  theory as it con- 

cerns mixed methods. I n  p a r t i c u l a r ,  e r r o r  estimates p resen t ly  a v a i l a b l e  

i n  t h e  l i t e r a t u r e  o f t en  p r e d i c t  r a t e s  of convergence w e l l  below those 

observed i n  computations. 

sharp  theory  f o r  mixed f i n i t e  element methods i n  t h e  context  of approxi- 

The purpose of t h i s  paper is  t o  develop a 

mate s o l u t i o n s  t o  the  Poisson equation. 

The f a c t  t h a t  a p a r t i c u l a r  v a r i a t i o n a l  p r i n c i p l e  is  s t a t i o n a r y  i n  

na tu re  has  s e r i o u s  impl ica t ions  for  f i n i t e  element approximations. For 

example, i t  is  w e l l  known t h a t  f i n i t e  element approximations based on t h e  

D i r i c h l e t  P r i n c i p l e  w i l l  be, i n  a s u i t a b l e  sense,  uncondi t iona l ly  s t a b l e  

and t h e i r  convergence depends only on t h e  a b i l i t y  t o  approximate i n  t h e  

f i n i t e  element spaces [7]. These a re  not  t r u e  f o r  methods based on 

s t a t i o n a r y  p r i n c i p l e s .  For instance,  f o r  t h e  Galerkin method based on 

t h e  Kelvin P r i n c i p l e  considered i n  t h i s  work, we s h a l l  f i n d  t h a t  t o  obta in  

s t a b i l i t y  and convergence c e r t a i n  condi t ions must be s a t i s f i e d  which 

restrict t h e  type of g r i d s  t h a t  can be used. The theory of t h e  present  

work conta ins  both necessary and s u f f i c i e n t  condi t ions  f o r  t h e  s t a b i l i t y  

and convergence of mixed f i n i t e  element methods der ived from t h e  Kelvin 

P r inc ip l e .  

W e  begin by s t a t i n g  t h e  boundary va lue  problem t o  be considered and 

some equiva len t  v a r i a t i o n a l  formulations.  L e t  R be a bounded reg ion  i n  

En whose boundary F c o n s i s t s  of two p a r t s ,  TD and rN. Given (*I 

(*) The space Hr(R) denotes t h e  Sobolev space of order  r ,  11 11 
denotes t h e  norm on t h i s  space [ l ] ,  [4]. 



w e  seek a r e a l  valued func t ion  Q0 s a t i s f y i n g  

= f o  i n  R (1) 

(3)  V@o - v = 0 on TN , 

where 2 i s  t h e  ou te r  normal t o  r .  A l t e r n a t i v e l y ,  f i n d  $o and t h e  pn 
valued funct ion u+ s a t i s f y i n g  

div(%) = f o  i n  R 

VQ0-% = 0 i n  R 

@o = 0 on TD 

2 0 -  v = 0 on TN. 

The c l a s s i c a l  D i r i c h l e t  P r i n c i p l e  uses  t h e  spaces 

(8) S = H (Q) 9 = {J, E S: +=o on rD) , 1 

and asserts t h a t  t h e  s o l u t i o n  @o of (1)-(3) minimizes 

over J, E So. Observe t h a t  i f  

(10) & = vso 

t h i s  i s  equivalent  t o  minimizing 
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over ($,v) E So X subjec t  t o  the  c o n s t r a i n t  

The Kelvin P r i n c i p l e  is  i n  some sense dua l  t o  t h e  D i r i c h l e t  P r i n c i p l e  

with d iv  being t h e  dua l  of V. In  t h i s  s e t t i n g  w e  l e t  

min i m i  z e s % and t h e  Kelvin P r i n c i p l e  asserts t h a t  

The scalar 

i . e . ,  an equivalent  statement of the  Kelvin P r i n c i p l e  i s  t h e  following. 

L e t  

$)o e n t e r s  i n t o  t h e  Kelvin P r i n c i p l e  as a Lagrange m u l t i p l i e r ,  

So = d i v ( l o )  , 

then f i n d  

s a t i s f y i n g  

for a l l  ($,I) E S x 5. 
0 
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In  t h e  f l u i d  dynamic context  [ 6 1  t h e  D i r i c h l e t  P r i n c i p l e  asserts t h a t  

among a l l  i r r o t a t i o n a l  f i e l d s  t h e  one t h a t  minimizes t h e  k i n e t i c  energy is  

t h e  incompressible f i e l d .  Dually,  t h e  Kelvin P r i n c i p l e  asserts t h a t  among 

a l l  incompressible f i e l d s ,  t h e  f i e l d  t h a t  minimizes t h e  k i n e t i c  energy is  

i r r o t a t i o n a l .  

One uses t h e  D i r i c h l e t  P r i n c i p l e  i n  computations as fol lows.  L e t  f o r  

example 

ShC s 

denote t h e  space of continuous piecewise l i n e a r  func t ions  on some t r i angu la -  

t i o n  of R and l e t  

h h h h  So = { J ,  E S : J, =O on rDl . 

Compute t h e  minimum of (9)  a s  J, ranges over S: i n s t ead  of a l l  of So. 

I f  u+ = V$h, then 

i t  i s  w e l l  known t h a t  

$h i s  the poin t  where t h e  minimum i s  achieved and i f  

( see  [I], [ 7 1 ) .  

The Kelvin p r i n c i p l e  i s  i n  some sense a dua l  t o  t h e  D i r i c h l e t  p r inc i -  

p l e  wi th  t h e  g r e a t e s t  stress being placed on t h e  vec to r  u+; i .e . ,  i n  t h i s  

method t h e  u 

presumably e r ro r s  of t h e  form 

is  represented i n  terms of piecewise l i n e a r  func t ions  and -0 
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(17) 

are obtained. 

More precisely, we compute {$h,sh} by letting 

denote the finite dimensional space of [R n 

linear functions, and letting 

valued continuous piecewise 

and 

So h = div(5). h 

The pair 

h h  {+,I) € So X l&, is determined by requiring that (13) hold for all 

with (21) replacing {$o,u+). 

Unfortunately, (16)-(17) are-in general not true without further 

conditions onthe subspace !Ih In subsequent sections we shall give 

necessary and sufficient conditions for results of the type (16)-(17) 

to be valid. 

-0' 

Previous work on this problem [21,  [31, [51, [81 is based on the Babuska- 

Brezzi condition, i.e., 
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This  type of condi t ion l e a d s  t o  an e r r o r  estimate of t h e  form 

f o r  piecewise l i n e a r  elements. This  i s  c l e a r l y  u n s a t i s f a c t o r y  s i n c e  i t  

implies  t h e r e  is  no advantage i n  using t h e  Kelvin P r i n c i p l e  except ,  perhaps,  f o r  . 
t h e  f a c t  t h a t  t h e  D i r i c h l e t  boundary condi t ions  are n a t u r a l  i n  t h i s  context .  

Our theory i n d i c a t e s  t h a t  f o r  a c e r t a i n  class of g r i d s  t h e  opt imal  

accuracy (16) is  achieved. These g r i d s  s a t i s f y  t h e  Grid Decomposition Pro- 

p e r t y  defined i n  t h e  next s ec t ion .  The l a t te r  i s  necessary and s u f f i c i e n t  

f o r  s t a b i l i t y  and optimal accuracy. I n c i d e n t a l l y ,  t h e r e  i s  a dua l  of t h i s  

property f o r  t h e  D i r i c h l e t  p r i n c i p l e ,  but i t  reduces t o  a requirement that 

h the  space Sh contains  t h e  constant  func t ion  JI = 1. This  proper ty  

i s  possessed by a l l  known f i n i t e  element spaces.  

These r e s u l t s  have been general ized [9] t o  i nc lude  o t h e r  phys ica l  

s i t u a t i o n  described by equat ions r e l a t e d  t o  t h e  Navier-Stokes o r  Maxwell 

equations.  

11. The Discrete Kelvin P r i n c i p l e  

To formulate the  d i s c r e t e  approximation we l e t  

The next s t e p  is  t o  l e t  

b e  a f i n i t e  dimensional space and 

(3 )  

Then l e t t i n g  
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( 4 )  
h h so = d i v  l& 

t he  d i s c r e t e  Kelvin P r i n c i p l e  requires us t o  compute 
- 

h h  
(5) {@hYih} E ’0 5 
s a t i s f y i n g  

h h 
{u b V h  + ($hdiv(v + $ div(gh) 1 = I $hf 

n -h- 

f o r  a l l  

Once a b a s i s  f o r  !$ x 2 has been chosen, (6) reduces t o  a system of 

N a l g e b r a i c  equt ions ,  where N i s  t h e  dimension of t h i s  space.  

h We s h a l l  assume t h a t  Vh and so s a t i s f y  t h e  fol lowing property:  
-0 

Approximation property.  Thehe ~2, an integeh k 2 1 and a coM6Xunt 
._ __ - ~- -__- 

0 < CA < a (independent ob h) Auch &aA bok each 1 E yo 2 h a e  .LA a 
h h v+ E vo Aahhbying 

. . _ _ _  - 

In addi/tion iue a ~ ~ u m e  2k.t (7)-(8) hoLd id k .i~ aeplaced by k’ bok 

This  proper ty  i s  v a l i d  f o r  spaces of piecewise polynomial func t ions  of 

degree k-1. For example, k = 2 with l i n e a r  elements.  The e r r o r  estimate 

( 7 )  i s  s tandard ( see  [l], [ 7 ] ) .  The space S: i n  t h i s  case is  contained i n  

-7- 



t he  space of a l l  piecewise cons tan t  func t ions .  

i n  t h e  l a t te r  but t h e r e  a r e  always enough func t ions  i n  si t o  achieve (8) 

f o r  any I) E So. 

It may be s t r i c t l y  contained 

This  is  discussed i n  Sect ion 5. 

We are now prepared t o  in t roduce  t h e  Grid Decomposition Property.  To 

motivate  i t  le t  us  r e c a l l  t h a t  any 1 can be decomposed as 

where 

d iv (z )  = 0 

l z * V t =  0 .  
R 

Indeed, we construct  5 by so lv ing  

(12) A € ,  = div(v)  - i n  Q 

(13) 5 = 0 on TD 

(14) V € , *  - v = O  o n T N  , 

and then determine 2 by 

z = v - v s .  (15) - 

Observe t h a t  i f  

(16) - w = Q 5  , 

then from the  theory of p a r t i a l  d i f f e r e n t i a l  equat ions [4]  

(17) Ilw II 0 c l l d i v w  ll-l. 
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The G L d  DecornpubLthn P 4 o p U . t ~  requi res  t h a t  t h i s  hold on $. More pre- 

c i s e l y ,  w e  have t h e  following. 

Def in i t i on  1. Vh b a d % & d  ,the GDP Lo-i;th coMnXavLt -0 

Observe t h a t  GDP i s  r e l a t e d  to  t h e  way d i v  i s  represented i n  t h e  

d i s c r e t e  problem. Indeed, i t  states t h a t  i f  div(v+) is  small f o r  any 

v E G, then t h e  p ro jec t ion  of xh -onto . the orthogonal complement of 
-h 

h 

h h  h (23) Nh(div) = { z  - E L&: d i v ( z  >=O i n  

is  a l s o  small, i.e. z i n  (21) is t r u l y  t h e  divergence f r e e  p a r t  of 

v 

accuracy. 

b i l i t y .  

-h 

In t h e  next  s e c t i o n  w e  s h a l l  show t h a t  GDP is  a u d d i c i e d  f o r  opt imal  -h * 

Here w e  s h a l l  show tha t  i t  is  necM.4mg and s u f f i c i e n t  f o r  sta- 

-9- 



Then 

Proof. Let N ( d i v ) i  b e  t h e  orthogonal complement of Nh(div). Thus 
h 

(27 )  -0 Vh = Nh(div)' 0 Nh(div) . 

F i r s t  suppose GDP holds ,  i .e . ,  any xh E 5 can b e  w r i t t e n  

where 

h 
-9 Moreover, le t  xh V s a t i s f y  

11 v+II = min. s u b j e c t  t o  xh E vo h and div(xh) = f h  , (30) 
0 
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h h 
-0 f h  E So = div(V i s  given. W e  want t o  show t h a t  where 

To do t h i s  w e  write v as i n  (28 ) - (29 ) .  The claim i s  t h a t  z+ = 0 and -h 

so 

r 

To see t h i s  observe t h a t  f o r  any r e a l  number 6 ,  v+ + 6% i s  i n  Vh . -0 
and 

(32) d iv (v  -h + 6 ~ )  = div(v+) = f h  

11 \ l o  over Vh w e  have Thus as v minimizes 
-h +I 

(33) 

i .e . ,  

(34) 

j (v +6z ) ‘ ( V  +6z ) > j &*& , 
R 414-1 - h - h  = R 

Since 6 i s  a r b i t r a r y  we  necessa r i ly  have 

But x h  = ~ h  + z ,  and -h w i s  orthogonal t o  z+. This  means 

Conversely, assume t h a t  t h e  Kelvin problem is  s t a b l e  (with cons tan t  

be given. By (271,  w e  can always w r i t e  h 
CG) and l e t  xh E L’+ 

-11- 



(37 )  v = w  + z  -h -h -h ’ 

where 

w E Nh(div) 1 , z E Eh(div) . 
-h -h (38) 

We want t o  s e l e c t  w such t h a t  -h 

To do t h i s  we so lve  a Kelvin problem. More p r e c i s e l y ,  l e t  

f h  = div(1,) , 

and l e t  w minimize 11 xh 11 s u b j e c t  t o  
0 

h 

-h 

div(Eh) = f h  zh 

By (31) (xh i s  playing t h e  r o l e  of xh i n  t h i s  i n e q u a l i t y )  

and a l s o  

Therefore the r e s u l t  i s  proved. 

I n  one s p a t i a l  dimension (n=l )  a l l  f i n i t e  element spaces  s a t i s f y  
__--- ~ ~ 

GDP, t h e  proof being e x a c t l y  t h e  same as f o r  t h e  space &, Le.  , 
(9)-(15). In  two dimensions, however, t h i s  is  no longer  t r u e .  For 

example i f  l i n e a r  elements i n  t r i a n g l e s  are used, t h e  GDP i s  v a l i d  f o r  t h e  

c r i s s - c ros s  g r i d  i n  Figure l a  bu t  f a i l s  f o r  t h e  d i r e c t i o n a l  g r i d s  i n  Figure 

l b  and IC. The GDP a l s o  f a i l s  f o r  b i l i n e a r  elements i n  t h e  r e c t a n g l e s  of 

Figure Id .  That t h e  GDP i s  v a l i d  f o r  t h e  criss-cross g r i d  i s  e s t a b l i s h e d  

i n  s e c t i o n  5 .  
-12- 
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111. Error  Estimates 

The major theorem of t h i s  paper i s  t h e  fol lowing:  

_- Theorem 2 .  id GVP hold utCth con~aixlzt: C G y  and ,the appmximation - 

pmpudy  [ ( 7 )  - (8) , section 21 hold. 

only on cA and CG such ZhaX 

Then f i ~ ~ e  LA a comaixnt C depending 
- -  ~ . _  - __ ~ 

and 

The key i d e n t i t y  t h a t  w i l l  be used repea ted ly  i s  

h h h  h h h  (1) ./ ju+'" +@odiv(v I+$ div(u  11 = 1 {u+-x +$hdiv(v )+I) div(u+)). 
R -0 n 

h h  h h  {I) ,I 1 E So X $ This i s  v a l i d  f o r  a l l  

lnf0Qh by [(13), sec t ion  1 3  and [(6), s e c t i o n  2 1 ) .  

( s ince  both s i d e s  are equal  t o  

-13- 



f o r  a l l  Qh E Sh = div(gh) .  L e t  Qh = d i v ( u  w h ) . Then (4) g ives  ( 2 ) .  
- +I-- - .  

Lemma 2 .  

( 5 )  

-A5  + 5 = d iv (u  -u ) i n  R -0 -h 

€,=O on I'. 

Then 

(6) 

But 

(7) 

We n o t e  t h a t  i f  - vh = 0 i n  (1) 

I $hdiv(u+,-u+) = 0 f o r  a l l  $ h h  € So. 
R 

Thus l e t t i n g  $h = ih 

(8) 

~. 

Using t h e  approximation proper ty  [(8), s e c t i o n  21 with  k = 1 we can choose 

eh such t h a t  



Thus (5) fol lows from ( 6 ) ,  (9), and (10).  

Observe t h a t  div(u+,-u+) i s  opt imal  i n  1 1  I/-, , i .e.  

(Lemma 2) 

(Lemma 1 )  

So f a r  GDP has no t  been used, however from t h i s  po in t  on i t  w i l l  p lay  

a c r u c i a l  r o l e .  In  p a r t i c u l a r ,  write 

(12) 

where 

Note t h a t  f o r  a l l  v E v - -  

Indeed 

Thus 

-15- 



and s o  

Thus i t  i s  s u f f i c i e n t  t o  ob ta in  a s imilar  bound f o r  

l e t t i n g  $J = 0 and v = z i n  (1) we o b t a i n  

&. I n  p a r t i c u l a r ,  

h h 
-h - 

(15) 

and s o  

This  g ives  

then (ll), (12), (14)  and (17)  give 

h 

Now l e t  Gh be t h e  func t ion  i n  [ ( 8 ) ,  s e c t i o n  21 with  @ = Q0.  

Since Si = div(V ) h h t h e r e  is  a xh E vo such t h a t  4 

* 
@h - @h = d iv (v  ) .  -h (21) 



-h v = E h + &  , 

Let t ing  - vh = w+ i n  (20) we obtain 

n 

Thus 

The second p a r t  of Theorem 2 now follows from an a p p l i c a t i o n  of t h e  t r i a n g l e  

inequa l i ty .  Thus Theorem 2 i s  proved. 

With l i n e a r  elements on t h e  c r i ss -c ross  g r i d ,  Theorem 2 asserts t h a t  

t h e  L2 e r r o r  i n  (uo-uh) is of O(h 2 ). This sharpens t h e  O(h) estimate 
- _- - 

found i n  [2]  and [ 5 ] .  The L2 e r r o r  i n  (@,-@,) i s  O(h), t he  same as pre- 

d i c t e d  i n  [2]  and [5]. However, i f  i n  (20) we choose Oh t o  be t h e  b e s t  L2 

approximations i n  so h t o  r j 0 ,  then, s i n c e  d iv (v  h ) E Sh t h e  f i r s t  term on t h e  

r i g h t  hand s i d e  of (20) vanishes .  We are then l e d  t o  the  conclusion t h a t  

A 

0' - 

i. e. t h e  mean va lue  of $o over a given t r i a n g l e  
r) 

is  a c t u a l l y  approximated t o  

O(hL). This phenomena i s  i l l u s t r a t e d  i n  t h e  numerical examples of s e c t i o n  4 .  

-17- 



I V .  Numerical Resul t s  

In  t h i s  s e c t i o n  we b r i e f l y  r epor t  t h e  r e s u l t s  of computations based 

on the  Kelvin p r i n c i p l e .  These r e s u l t s  g ive  evidence of t h e  e s s e n t i a l  

r o l e  played by t h e  GDP. The examples of t h i s  s e c t i o n  d e a l  wi th  t h e  . 

Poisson equation [(l), s e c t i o n  11. An equiva len t  f i r s t  o rder  system i s  

given by [ ( 4 )  - ( 5 ) ,  s e c t i o n  1 3 .  

We f i r s t  consider  r e s u l t s  f o r  t h e  mixed d a t a  problem depic ted  i n  

Figure 2a using the  d i r e c t i o n a l  g r i d  i l l u s t r a t e d  i n  Figure l b .  

p a r t i c u l a r  problem considered has an exact  s o l u t i o n  given by 

The 

(1) @ = s i n ( ~ x / 2 ) c o s ( ~ y )  . 

Figure 3 disp lays  t h e  L2 e r r o r  of t h e  approximate s o l u t i o n  f o r  $I 

and t h e  components u and v of - u = grad @. The f i g u r e  i n d i c a t e s  

t h a t  t h e  L2 e r r o r s  i n  u and v remains roughly cons tan t  and t h e  

L2 e r r o r  i n  @ grows l i n e a r l y  as t h e  s i z e  of t h e  g r i d  i s  reduced. 

We recall from s e c t i o n  2 t h a t  t h e  GDP i s  necessary and s u f f i c i e n t  f o r  t h e  

s t a b i l i t y  of t h e  Kelvin approximation. 

i n d i c a t e  t h a t  f o r  t h e  d i r e c t i o n a l  g r i d  t h e  "constant" CG appearing 

i n  the  d e f i n i t i o n  of t h e  GDP i n  f a c t  grows l i k e  h , where h is  a 

measure of the g r i d  s i z e .  As a r e s u l t ,  a l l  accuracy i n  t h e  approxima- 

t i o n  t o  - u is l o s t ,  and t h e  approximation i n  @ a c t u a l l y  becomes 

unbounded. These r e s u l t s ,  and those  below concerning t h e  c r i s s - c ros s  

g r i d  g ive  evidence of t h e  importance of t h e  GDP. 

The r e s u l t s  shown i n  Figure 3 

-2 

The d i r e c t i o n a l  g r i d  used t o  generate  t h e  r e s u l t s  of Figure 3 does 

not  s a t i s f y  t h e  GDP. However, Lemma 1 of s e c t i o n  3 is  independent of 

t h i s  property of t h e  g r id .  I n  t h e  context  of t h e  d i r e c t i o n a l  g r i d ,  t h a t  
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lemma shows that the divergence of the error in the approximation to 

should be O(h). 

is graphed as a function of h. A s  is evident from the figure, the 

divergence of che error in 2 is indeed O(h) even though the error in 

- u itself is O(1). 

2 

This result is confirmed in Figure 3 where that divergence 

We now consider results using the "criss-cross" grid illustrated in 

Figure la. Figure 4 displays the L2 errors of the approximate solutions 

for u and v. Results are given for the mixed data problem with exact 

solution given by (1) and for a Dirichlet problem (see Figure 2b) with 

exact solution 

9 = sin (rx)sin(ry) . 

The mixed data and Dirichlet problems were approximated using an evenly 

spaced grid. In addition, computations for the mixed data problem were 

carried out using a variable grid whose spacing is determined by choosing 

an even spacing in a (c,q) coordinate system, and then letting 

3 
and Y ' r l  

3 x = s  

This stretching has the effect of accumulating grid points near x = 0 

and y = 0. For all cases, the computed rate of convergence, using 

criss-cross grids, is of second order. The results shown in Figure 4 ,  

especially when compared with those of Figure 3 for the directional grid, 

are lucid evidence of the necessity of the GDP to the achievement of 

optimal orders of accuracy. 

Also shown in Figure 4 are the values of 11 $h-& 11, for the 

problems described above, confirming the result (26) of section 3. 
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V. Proof tha t  t he  Criss-Cross Grid S a t i s f i e s  t h e  GDP 

For s impl i c i ty  consider  t he  D i r i c h l e t  problem f o r  t h e  uniform g r i d  

shown i n  Figure l a  with 

w i s e  l i n e a r  funct ions.  No assumptions on Cl w i l l  be required.  To 

v e r i f y  t h a t  t h i s  g r i d  s a t i s f i e s  t h e  GDP w e  must show t h a t  t h e r e  i s  a 

Vh = Vh 
- 0 -  being t h e  space of E’ - valued piece- 

p o s i t i v e  number 

(1) 

independent of h f o r  which t h e  following holds .  Given any 

f h  E Sh = div(V h ) - 

t h e r e  i s  a v i n  - Vh f o r  which -h 

(3)  div(v+) = f h  

and 

( 4 )  

Since zh c o n s i s t s  of piecewise l i n e a r  func t ions  on t h e  g r i d  i n  

Figure l a ,  observe t h a t  (2) impl ies  t h a t  each f h  i n  Sh is  a piece- 

w i s e  constant  func t ion .  What is  i n t e r e s t i n g  is  t h a t  Sh i s  a A$&.& 

subspace of the space Slh of a l l  piecewise constant  func t ions  on t h e  

c r i s s - c ros s  g r id  i n  Figure l a .  

determining when a func t ion  

Indeed, t h e  fol lowing g ives  a r u l e  f o r  

i n  $h i s  a c t u a l l y  i n  sh. f h  
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Lema 3: L& f be i n  3h. Then f i n  Sh .id and onty id 

datr any rrectun5& R (Ace f&.Uze 5) 

(5 1 fl + f 3  = f 2  + f 4  ’ 

whme f j  .the v d u e  06 f i n  T . 
j 

Proof. We must cons t ruc t  continuous piecewise l i n e a r  func t ions  

u,v such t h a t  . 

aU av 
ax ay 9 

- + - =  

i n  each t r i a n g l e .  To do t h i s  w e  c lose  t h e  system wi th  

(7) 
- + - =  a U  av 
ay  ax g Y 

where the  piecewise cons tan t  funct ion g is t o  be determined. 

Observe t h a t  (6)  - (7) i s  hyperbol ic ,  and we s h a l l  solve i t  by t h e  

method of c h a r a c t e r i s t i c s .  The c h a r a c t e r i s t i c  coord ina tes  are 

(8) 

and l e t t i n g  

(9) 

E - x - y  , r l = x + y  y 

2 u  = ( u - v )  2 v  = (u+v)  , 
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w e  ob ta in  

Y - f + g  . av - -  
all 

au - =  f - g  a t  

L e t  t h e  a r b i t r a r y  r ec t ang le  R i n  Figure 5 be given. W e  f i r s t  con- 

s t r u c t  U y V y g  i n  R. Following t h i s  w e  show t h a t  they can be g loba l ly  

extended such t h a t  {u,v)  def ined by (9)  i s  i n  lh, i.e. ,  i t  i s  continuous 

i n  fl as well  as l i n e a r  i n  each t r i a n g l e .  

Since f and g are cons tan ts  i n  each t r i a n g l e  T .  ( j  = l y . . . y 4 ) y  then 
J 

any func t ion  U s a t i s f i n g  t h e  f i r s t  equat ion i n  (10) w i l l  be continuous i n  

R i f  and only i f  

are t h e  values  of f y g  i n  t h e  t r i a n g l e  T S imi l a r ly ,  
j' 

where f j y  gj 

con t inu i ty  of V r equ i r e s  

(12) f 3  + g3 = f 4  + 8 4  Y f l  + 81 = f 2  + 82 

It fol lows immediately from (11) - (12) t h a t  ( 5 )  is  a necessary condi t ion  

f o r  (11) - (12) t o  have a s o l u t i o n  gi; moreover, i t  is  a l s o  s u f f i c i e n t .  

Indeed, le t  

i s  a so lu t ion  provided ( 5 )  holds.  
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To def ine  U,V g loba l ly  w e  f i r s t  of a l l  def ine  t h e  piecewise cons tan t  

func t ion  g i n  each r ec t ang le  s o  t h a t  (11) - (12) holds.  To cons t ruc t  U 

and V we simply i n t e g r a t e  (10) along t h e  c h a r a c t e r i s t i c s  working from 

rec t ang le  t o  rec tangle .  I n  p a r t i c u l a r ,  consider  Figure 6 where f o r  s i m p l i c i t y  

t h e  region R is shown as a rectangle .  Along the  l e f t  and top s i d e s  U can 

be taken as an a r b i t r a r y  l i n e a r  function. To determine i t s  values  i n  a given 

r e c t a n g l e  R w e  simply i n t e g r a t e  (10) from po in t s  A t o  B as shown i n  

Figure 6. The condi t ions (11) - (12) i n s u r e  U i s  a continuous func t ion  

i n  R ,  and using the  value of U so obtained a t  B t o  s tar t  t h e  i n t e g r a t i o n  

i n  t h e  next  box, interelement  cont inui ty  i s  assured.  

Since f and g are constants  i n  each t r i a n g l e ,  U and V w i l l  be 

l i n e a r  func t ions  of C,n i n  each t r i a n g l e .  Hence u and v defined by 

(9)  w i l l  be continuous piecewise l i n e a r  func t ions  ( i . e . ,  (u,v) h 
i n  1 ). 

Note t h a t  s i n c e  t h e  dimension dim(gh) of gh is  equal to t h e  number 

m of t r i a n g l e s  i n  t h e  g r i d ,  i t  follows from (5) t h a t  

h dim S = 3m/4. 

Moreover, a l o c a l l y  defined b a s i s  can be constructed as follows. For each 

r ec t ang le  R (see Figure 5) w e  a s soc ia t e  t h r e e  func t ions  Ql,Q2,q3 which 

vanish ou t s ide  R. The piecewise cons tan t  func t ion  $ J ~  i s  uniquely determined 

i n  R by the  requirement t h a t  i t  is i d e n t i c a l l y  1 i n  T i U  Ti+l and zero  

i n  t h e  o ther  two t r i a n g l e s  i n  R. As R varies over a l l  r ec t ang le s  t h i s  

process  de f ines  3m/4 independent func t ions  i n  Sh and hence t h e  set of 

such func t ions  is  a b a s i s  f o r  Sh. I n t e r e s t i n g l y ,  t h i s  shows t h a t  S i s  h 

t h e  l i n e a r  h u l l  of t h e  union of the piecewise constant  spaces assoc ia ted  

with the  d i r e c t i o n a l  g r ids  shown in F igures  l b  and IC. Therefore t h e  approxi- 

mation property [(8), s e c t i o n  21 is c e r t a i n l y  v a l i d  f o r  t h e  above choice of Sh. 
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W e  now re turn  t o  t h e  proof of ( 4 ) ,  which i s  contained i n  t h e  fol lowing 

r e s u l t .  

Lemma 4 .  Thehe i.h a nwnbeh 0 < CG < 03 independeni 06 h buch 

t h a t  doh each fh  in Sh we huwe 

(15) f h  = div[%], 

Proof.  To s impl i fy  no ta t ion  w e  drop a l l  s u b s c r i p t s  involving h 

s ince  a l l  funct ions t h a t  w i l l  be  encountered w i l l  be i n  s o r  Vh.  A s  i n  

Lemma 3 w e  work i n  t h e  r o t a t e d  coord ina tes  (5,n) defined by (8). I n  addi- 

t i o n  w e  order  t h e  vertices i n  a sequen t i a l  manner s t a r t i n g  a t  t h e  bottom of 

t h e  reg ion  and moving l e f t  t o  r i g h t  as i n  Figure 7. Observe t h a t  t h e  c e n t e r  

of each ( ro ta ted)  r ec t ang le  has  an index (a,B), where a+ B is  an i n t e g e r ,  

while  y + B + *  i s  i n t e g r a l  f o r  t h e  ind ices  (y,6) of t h e  corner  po in t s .  W e  

denote t h e  rec tangle  whose cen t ro id  has  index (a,B) by Ra’B and l e t  

T:’ (k = 1 ,2  , 3 , 4 )  denote t h e  fou r  enclosed t r i a n g l e s  

h 

h Given f i n  S we must cons t ruc t  continuous piecewise l i n e a r  func- 

t i o n s  u and v such t h a t  

a U  av f = d i v  (v) = ag + . 

a’B denote t h e  va lues  of u ,v  a t  t h e  vertices, and l e t  W e  l e t  u , v 

fa96 denote the value of f i n  t h e  t r i a n g l e  T:”. 

l a t i o n  g ives  

a ,  6 

Then a d i r e c t  calcu- k 

a ’B = D + u + D2vY + 
f2  1 
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where 

(19) 

Simi la r ly ,  

+ u  a+&,B - u  a,B + v  %Be - v  a,B 
9 h D2v = h 

D u =  1 

f a '@ 4 = D-u 1 + D?, 

- -  
where t h e  d i f f e rence  opera tors  DIy D2 are def ined by 

a,B - v a, B-B 
U a,B - ua-B,B V 

Y h D-v = h 2 D-u = 1 

Observe t h a t  (18) and (20) can be combined i n t o  

a r e l a t i o n  which reconfirms the  necess i ty  of t h e  condi t ion (5). W e  rewrite 

(22) as 

where 

pyB denotes t h e  average of f on t h e  r i g h t .  

divh denotes t h e  d i f fe rence  opera tor  on t h e  l e f t  hand s i d e  and 

Observe t h a t  (22) (or  (23) )  involves va lues  of u and v only a t  t h e  

c o m e r  p o i n t s  of t h e  r ec t ang le s  ( i . e . ,  vertices (y,6) where y+6+*  i s  

i n t e g r a l ) .  Once these  have been determined t h e  va lues  a t  t h e  cen t ro ids  of 
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the rec tangles  ( i . e . ,  vertices (a ,@) where a + @  i s  i n t e g r a l )  are then 

given by 

That i s ,  ( 2 3 ) -  (25) are t h r e e  independent r e l a t i o n s  among t h e  f o u r  depen- 

dent equations (18),  (20) .  

To solve (23) we introduce a d i s c r e t e  p o t e n t i a l  6 s a t i s f y i n g  

Then (23) i s  equiva len t  t o  

Observe t h a t  t h i s  equat ion has  a "red-black" decoupling. Indeed, only 

va lues  of 8 a t  t h e  cen t ro ids  of r ec t ang le s  ( i . e . ,  v e r t i c e s  (a,f3) where 

a+B i s  i n t e g r a l )  are involved. Moreover, t h e r e  are two types  of such 

po in t s .  

i n t e g e r s  

B = j+&. 

where a and B are both  B The f i r s t  are ''red'' r ec t ang le s  

(a= i, B = j) . The second are "black" r ec t ang le s  where a = i+ 3, 

Since a l l  boundary condi t ions  are n a t u r a l  w e  can extend t h e  g r i d  t o  

cover R and l e t  = 0 ou t s ide  Q. Then (27)  becomes a s tandard f i v e  

po in t  star on t h e  red rec tangular  g r i d ,  and a s tandard  f i v e  p o h t  star on 

t h e  b lack  rectangular  g r id .  Moreover, de f in ing  u ,v  by (26) we g e t  t h e  

s tandard  estimate 
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f o r  some absolu te  constant  0 < C < 00. I n  add i t ion ,  def in ing  u,v a t  

t h e  cen t ro ids  of r ec t ang le s  by (24)-  (251, we ge t  

where t h e  sum is  over a l l  v e r t i c e s  (a,B). Let t ing  u,v be t h e  continuous 

piecewise l i n e a r  func t ions  whose values a t  t h e  v e r t e x  (a,f3) i s  u , 

va,’, we g e t  

a,B 

(30) 

F i n a l l y  f o r  t h e  uniform g r i d  being considered w e  have t h e  inverse  in- 

e q u a l i t y  f o r  func t ion  f E Sh [3]  

hence (15) - (16) hold with 
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Figure 1: Grids. 
a) Criss-cross triangles 

d) Bilinear quadrilaterals 
b-c) Directional triangles 
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Figure 2.- Boundary value specifications used in 
numerical examples. (a) Mixed data; 
(b) Dirichlet data. 
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Figure 3.- L error in the Kelvin approximation to $, 
2 

u = a@/ax, v = a+/ay, and div(u,v) = au/ax  + av/ay 
using the directional grid for  the mixed data problem. 
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Figure 4.- L2 error in the Kelvin approximation to u = a@/ax 
and v = a @/ay and the L2 norm of the difference 
in the Kelvin approximation to $ and the best L2 
approximation to @, using criss-cross grid. 
(a,d,f) displays u; (b,d,h) displays v; (c,e,g) 
displays $. 
using a v.ariable grid; (d,e) for the Dirichlet 
data problem using a regular grid; (f,g,h) for the 
mixed data problem on a regular grid. 

(a,b,c) for the mixed data problem 
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Figure 5.- Generic rectangle R. 
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Figure  7 .  O r d e r i n g  of vert ices  a n d  t r i a n g l e s  
f o r  Lemma 4 .  
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